Fourth-order cumulants of physical quantities have been used to characterize the nature of a phase transition. In this paper we report some Monte Carlo simulations to illustrate the behavior of fourth-order cumulants of magnetization and energy across second and rstorder transitions in the phase diagram of a well known spin-1 Ising model. Simple ideas from the theory of thermodynamic uctuations are used to account for the behavior of these cumulants.
I Introduction
There are many attempts to characterize the order of a phase transition on the basis of the analysis of numerical data obtained from simulations of nite spin systems. One of the approaches to this problem consists in the analysis of the behavior of fourth-order cumulants of physical quantities as the order parameter and the energy associated with the systems under consideration 1, 2 . Properties of the fourth-order cumulants of magnetization and energy have been investigated in the context of nite-size e ects in magnetically and thermally driven rst-order transitions in Ising and Potts models 3, 4 , 5 , 6 as well as in the case of some other systems 7, 8 . In this paper, we perform Monte Carlo simulations for the well known Blume-Capel model 9, 10 to illustrate the behavior of the fourth-order cumulants of magnetization and energy across rst and second-order transitions in the phase diagram of this system. We show that it is possible to draw some conclusions from the study of relatively small lattices. The general features of the cumulants can be accounted for by simple arguments from the theory of thermodynamic uctuations. In particular, we emphasize the di erences between the two t ypes of cumulants, and the alternative de nitions of the cumulant of energy which has not been fully appreciated in previous investigations.
The layout of this paper is as follows. In Section 2 we de ne the cumulants of a physical quantity. In Section 3 we i n troduce some further de nitions, and discuss some properties of the Blume-Capel model. Simulations for the fourth-order cumulants of magnetization and energy are reported in Sections 4 and 5, respectively. W e h o p e t o h a ve provided another example of the use of these cumulants to characterize the order of a phase transition. Also, the fourth-order cumulant Q 4 is more often written as
II De nition of the cumulants
where L is the linear size of the lattice under consideration.
III The Blume-Capel model
The Blume-Capel model is given by the spin Hamiltonian
where S i = + 1 ; 0; ,1, on sites i = 1 ; :::; N of a Bravais lattice, and the rst sum is performed over all pairs of nearest-neighbor sites. We consider the ferromagnetic case, with positive exchange J 0 and anisotropy D 0 parameters, which gives rise to a competition between distinct spin orderings. In the D=J versus T= J space, where T is the absolute temperature, the phase diagram consists of an ordered and a disordered phase separated by a transition line that changes character from rst to second order at a well de ned tricritical point. We use this model to illustrate the behavior of the fourth-order cumulants. In zero eld, the ordered phase is characterized by symmetric magnetizations, +m 0 and ,m 0 , with the same energy. In general, we h a ve hHi L 6 = 0, and even hH n i L 6 = 0, for all n. Therefore, the fourth-order cumulant of energy is written as
where L is the linear size of the lattice. As the magnetization is symmetric, that is, m n L = 0 for n odd, the fourth-order cumulant of the magnetization is given by
It should be remarked that, as E n L 6 = 0 for all n including odd values of n, and m n L = 0 for odd n, the energy and the magnetization give rise to distinct expressions of the fourth-order cumulant. Now w e perform a preliminary Monte Carlo simulation to look at the form of the distribution of probabilities for the magnetization and to motivate the choice of the distributions of energy and magnetization to be used in the forthcoming theoretical calculations. Let Figs. 1 and 2 provide the motivation for choosing a Gaussian form for the probability of magnetization, pm. Although we are showing data for the magnetization, similar histograms can be built for the energy, which also give support to a Gaussianshaped probability distribution, pE. For large lattices L ! 1 these distributions are expected to tend to Dirac delta functions. The thermodynamic consistency of these assumptions has been discussed in detail by Challa, Landau, and Binder 4 see also the work of Oitmaa and Fernandez 12 .
Now w e present separate analyses of the fourthorder cumulants associated with magnetization and energy across rst and second-order phase transitions.
IV Cumulants of magnetization
In the ordered phase the distribution of probability o f the magnetization consists of two peaks around +m 0 and ,m 0 . F or small lattices L nite, we assume the In a second order phase transition, the two peaks of the distribution of probabilities pm in the ordered phase move t o wards each other and form a unique peak at m = 0 as the system passes to the disordered phase. Fig. 3 shows the cumulant of magnetization for the Blume-Capel model in a second order phase transition. These simulations were performed for a cubic lattice of side L = 8 and coordination q = 6, at d = 0 :15. We h a ve run 5000 times through the lattice to reach thermalization. Each a verage was then calculated using 50000 additional steps.
In a rst-order phase transition we h a ve the coexistence of the ordered and disordered phases. Averages were calculated from 50000 Monte Carlo steps after thermalization.
V Cumulants of energy
In both ordered and disordered phases, the probability distribution of energy has a unique peak at a certain value, which w e call E 0 . For small lattices, we can write the Gaussian form pE = C exp In a second-order transition the distribution pE displays just a single peak, that moves from an initial value E 1 to a nal value E 2 . Therefore, the cumulant o f energy across a second-order transition always vanishes, independently of the lattice size. The Monte Carlo estimates of V E L for the Blume-Capel model, as shown in Fig. 5 , for d = 0 :15 and lattice size L = 8, indicate a small maximum next to a small minimum near the second-order phase transition. This behavior suggests that it becomes too simple to describe the probabilities in the immediate neighborhood of a continuous transition by a symmetric Gaussian form. This is also hinted by the bottom left graph of Fig. 2 , which is already quite asymmetric.
In a rst-order phase transition there is a coexistence between the ordered phase, associated with a distribution of energy peaked at E 1 , and the disordered phase, with a distribution peaked at E 2 In Figs. 7 and 8 , we illustrate the fourthorder cumulants of magnetization and energy across a second-order transition. We see that the cumulants V m L, for di erent v alues of L, cross at a unique point, which can be used to estimate the transition temperature 2, 6, 7, 13 . However, it should be pointed out that a precise location of the transition requires a detailed study of nite size scaling, which i s b e y ond the scope of this paper 2, 3, 4, 6, 14, 15, 1 6 . ; 37
instead of the connected expression of Eq. 11. Although this may w ork for Ising and Potts models 17 , it is important to emphasize that for the Blume-Capel model we h a ve to use the correct de nition, given by Eq. 11, to be able to extract the order of the phase transition see also the recent w orks of Janke 18 , and of Borgs and collaborators 16 .
VI Conclusions
We h a ve used the spin-1 Ising model of Blume and Capel to illustrate the feasibility o f c haracterizing the order of a phase transition from a simple analysis of the behavior of the fourth-order cumulants of energy and magnetization. The general features of these cumulants can be derived from simple arguments of the theory of thermodynamic uctuations. In the literature, there are two de nitions of the fourth-order cumulant of energy. W e h a ve pointed out that, in the case of systems as the Blume-Capel model, it is important to consider the connected form of the cumulant of energy.
